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Abstract 

Quantum geometry gives a regularization scheme-independent ef- 
fective action, whoes equation of motion for the conformal mode has a 
stable de Sitter solution at the high-energy region where the coupling 
of the self-interactions of the traceless mode can be neglected because 
of the asymptotic freedom. However, the dynamics of the traceless 
mode suggests that inflation ends at the low-energy region. 
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Inflationary scenarios have been studied as the most simple idea to solve 
both the flatness and the horizon problems naturally [l |-[7). However, stan- 
dard inflationary models |I], |2J have demerits, such as we must introduce an 
unsatisfactory quantity like inflaton and need a fine-tuning to get a quantita- 
tively reasonable scenarios. On the other hand, there is an alternative model 
by Starobinsky who propose a scenario that inflation is driven dynam- 
ically due to one-loop corrections by quantized matter fields. He originally 
consider unstable de Sitter phase by adjusting the regularization sheme- 
dependent term properly because inflation has to end at the low-energy 
phase. However, even in this scenario, a fine-tuning of the scheme- dependent 
parameter is necessary to obtain sufficiently long lifetime ||. [jj. 

The inflation models mentioned above are based on semi-classical argu- 
ments. On the other hand, it is believed that quantum geometry solve many 
problems in quantum cosmology M, [|. In this letter we show that quantum 
geometry can really solve such fine-tuning problems. The idea is based on 
the recent developments |ll[ in which we show that the effective action 



of 4D quantum geometry has a regularization scheme-independent form and 
may be uniquely determined according to conformal matter contents. The 
equation of motion of this effective action has a stable de Sitter solution. 
A mechanism to end the inflationary phase is given by the dynamics of the 
traceless. 

Let us first summarize the results given in ref. 
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action of 4D quantum geometry is strongly constrained by diffeomorphism 
invariance/background-metric independence [11, 1C]. It is because a general 
coordinate transformation in quantum geometry is related to a conformal 



change of the background metric so that the integrability condition [jT2| , |13 
of conformal anomalies |14|, |l^, |16| plays an important role to determine 



the effective action. Really, as discussed in [[LI], [10], [17], [18[], the integrabil- 
ity condition of conformal anomalies not only restricts matter fields to be 
conformally invariant, but also determines many indefiniteness in the gravity 
sector. To preserve diffeomorphism invariance at the quantum level, we must 
add the Wess-Zumino action to an invariant action and quantize such a com- 
bined action as a tree action in a self-consistent mannar [J19, ^(| ^1, 11], p70| 



The scheme-dependent terms which appear in loop effects of the combined 
theory cancel with the corresponding terms in the Wess-Zumino action, and 
then diffeomorphism invariance is realized [|l(J . 

We consider a perturbation theory in which the traceless mode is ex- 
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panded by the dimensionless coupling, t, as g^ u = (ge th )^ u |22|, ^T], [TT], [K] . 
Here, the metric is decomposed as g^ u = e 2<t> g^ v . On the other hand, the con- 
formal mode, 0, is evaluated exactly, because we treat conformal anomalies. 
Thus we obtain a regularization scheme-independent form of 4D quantum 
geometry effective action (in Lorentzian signature) [fro|,p| 



where Ile represents lower derivative actions which include actions of con- 
formally invariant matter fields and the Einstein-Hilbert action. C^ u \ a is 
the Weyl tensor and A% = D 2 + ■ ■ • is an appropriate conformally covariant 
operator for the Weyl tensor. The explicit form of A% is unknown, but it is 
known that the conformal variation of this term produces the square of the 
Weyl tensor [T5L 1231, UM . Q is defined by the following combination: 



G = G- ^UR, (2) 
where G is the Euler density defined by 

G = R^ u \aR^ uXu — AR^vR* 11 ' + R 2 . (3) 
A4 is the conformally covariant 4th order operator [|17| 



A 4 = n 2 + 2Brv»V v - ~RO + i(V^)V M , (4) 

which satisfies A 4 = e'^A^ locally for a scalar. 

The coefficients / and e are scheme-independent. They are expanded by 
the renormalized coupling, t r , as 

/ = fo + A* 2 + • ■ - , e = e + erf + • ■ ■ . (5) 
Here, fo and eo have already been computed by one-loop diagrams as 

/o 120 40 10 30 15' U 

= Nx llNw 31Na 87 _ 7_ 
60 360 720 180 2 90' U 



2 The scheme-dependent term has a non-invariant form, R 2 , which have to cancel out 
from the requirement of diffeomorphism invariance. While an invariant R 2 term might 



appear at least from order tf. [[fl| . 
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where the first three contributions of each coefficient come from Nv confor- 



mal scalar fields, Nw Weyl fermions and Na gauge fields, respectively [16 



The fourth and the last ones come from the traceless mode and the 



conformal mode p0| |, respectively. The coefficients f\ and e\ are contribu- 



tions from not only two-loop diagrams, but also one-loop diagrams of order 
t 2 which include vertices of the Wess-Zumino action 1TT|]. 



The beta function for the coupling, t r , is given by (3 = Since f is neg- 
ative, 4D quantum geometry is asymptotically free. Here, note that, although 
background-metric independence includes an invariance under any confromal 
change of the background metric, the usual /3-function is not needed to van- 
ish. This nature is because there is a conformal anomaly, or the Wess-Zumino 



action in 4 dimensions HIT], IIU 



Consider the equation of motion for the conformal mode, 



Here, matter fields are conformally invariant so that there are no contri- 
butions to this equation of motion. The Einstein-Hilbert action has the 
following form: 

I EH = 6m 2 / d 4 x/^e^V A 0V \<j> + o(t 2 ), (9) 

where, a is defined through the anomalous dimension of m by the relation 
a = 2 + 7 m . The lowest order of the anomalous dimension is computed by 
one-loop diagrams as j m = [f|. However, as for the minimal Standard 
Model with Nx = 4, Nw = 45 and A^^ = 12, for example, the anomalous 
dimension is sufficiently small as 7 m ~ 1/eo = 0.14. Thus, in the following, 
we take the value of a approximately to be the classical one, a = 2. 

Since the dynamics of the traceless mode is asymptotically free, in the 
high-energy region, the coupling, t r , becomes small and we can neglect it. 
Further, we neglect the space-coordinate dependence of the conformal mode. 
We also consider the conformally flat metric, because it is simple and also 
the recent experiments suggest the flat universe PBf| , as 

ds 2 = a(r 1 ) 2 (-drj 2 + (dx i f). (10) 

Now, equation (H) has a quite simple form, 

-—d*\oga + l2m 2 a 2 (d 2 : loga + (d v loga) 2 )=0. (11) 
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Here, we introduce the proper time as dr = a(r))dr]. and use the variable 
H — r-, where a dot denotes a derivative with respect to the proper time. 
We then obtain the equation of motion for H as 

H +7H H +4 H +18H 2 H +6H A - +2H 2 ) = 0, (12) 

where M = Airm. This equation has a de Sitter solution 

H= 0, H — H , (13) 

where H = ±77=- The plus sign gives an exponentially expanding solution, 
a(r) = a e Mr ^. 

Next, we discuss the stability of this solution. Consider a small deviation 
from the de Sitter solution as H = H (l + 8). Substituting this into equation 
( |T2"D and neglecting o(5 2 ) terms, we obtain 

8 +7H 8 +15H 2 8 +1211*8 = 0. (14) 

We here consider a solution of the type 8 = e KT . We then obtain the equation, 
k 3 + 7H k 2 + 15HqK + 12Hq = 0. This equation has three solutions 

-4ffo, (-^±^)^o. (15) 

For H > 0, all solutions have Re{n) < 0. Thus, the de Sitter solution is 
stable. 

Inflation must end at the low-energy region. In our model a classical 
limit is given by e —>■ 00. The asymptotic freedom suggests that this limit 
will be realized at the low-energy region where the coupling, t r , diverges. 
Large fluctuations of the gravitational fields freeze and small fluctuations 
ruled by the Einstein-Hilbert action survive at the low-energy region. Thus, 
the lifetime of the inflationary phase is given by the order of the inverse of 
the scale, \i. 

A stable inflationary scenario is also considered in 0, in which, however, 
there is no dynamical reason to end inflation because their argument is semi- 
classical. 

There are some problems in our scenario. One is that we set the cosmo- 
logical constant vanishing as in the original paper by Starobinsky, because 
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whether the de Sitter solution exists or not depends on the initial value of 
the cosmological constant. The other is that we here restrict the solution 
of the equation of motion as in the form ( |T0D where the space-coordinate 
dependence of the conformal mode is neglected. In our scenario, vanishing of 
the scalar curvature is realized by the dynamics of the traceless mode. This 
is different from a mechanism discussed in , in which the dynamics of the 4 
derivative theory of the conformal mode gives a vanishing expectation value 
of the scalar curvature at the long distance. In any case, the dynamics of the 
gravitational fields would solve problems in inflationary cosmology. 
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